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Background

@ The positive braid monoid is the monoid given by the following
presentation:

Bt — 0i0j = 004 (I1<i<j<n)
n O1y.-.50p—1 .
00410 = 04100541 (1 <1< n— 1)
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@ There's a natural map m: B, — 5.
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Background

@ The positive braid monoid is the monoid given by the following
presentation:

. . +
Bt — 0i0j = 00 (I1<i<j<n)
n —\01,---,0n-1
0i0i110; = 0i410:0i11 (1 <

e There’s a natural map 7: B;” — S,,.

e Can construct a section r: S, — B;, i.e. Tor =1g,, by taking a
shortest word for an element in S, and reinterpreting it as a word in
B,
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Background

@ The positive braid monoid is the monoid given by the following
presentation:

00 = 0;0; (1
+ 105 704
Bn =\{01y,...,0p-1

0i0i410; = 0i410041 (1

e There’s a natural map 7: B;” — S,,.

e Can construct a section r: S, — B;f, i.e. mor =1g,, by taking a
shortest word for an element in S, and reinterpreting it as a word in
B,

» For z € BT, x € Im(r) if and only if each string crosses at most once.

n
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@ The positive braid monoid is the monoid given by the following
presentation:

. . +
Bt — 0i0j = 00 (I1<i<j<n)
n — 01y.-.50p—1 .
0i0i410; = 0i4+100i41 (1 <

e There’s a natural map 7: B;” — S,,.

e Can construct a section r: S, — B;f, i.e. mor =1g,, by taking a

n
shortest word for an element in S, and reinterpreting it as a word in
B,

» For z € BT, x € Im(r) if and only if each string crosses at most once.

n

e A := r(longest word).
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presentation:
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n — 01y.-.50p—1 .
004105 = 0i4100541 (1 <

@ There's a natural map m: B, — 5.

e Can construct a section r: S, — B;f, i.e. mor =1g,, by taking a
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e A := r(longest word) = half twist.

@ D :=1Im(r) is the set of simple braids.
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Background

@ The positive braid monoid is the monoid given by the following
presentation:

B — 0i0j = 00 (1<i<j<n)
n 01y.-.50p—1 .
00410 = 04100541 (1 <1< n— 1)

@ There's a natural map m: B, — 5.

e Can construct a section r: S, — B;f, i.e. mor =1g,, by taking a

shortest word for an element in S, and reinterpreting it as a word in
B,
» For z € B;f, z € Im(r) if and only if each string crosses at most once.
e A := r(longest word) = half twist.
@ D :=1Im(r) is the set of simple braids.

o A:={01,09,...,0,_1} is the set of atoms.
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Background
Proposition. Bif = (D | r(zy) = r(z)r(y) if l(zy) = U(z) + I(y) >+
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Proposition. Bif = (D | r(zy) = r(z)r(y) if l(zy) = U(z) + I(y) >+

@ Prefix order: u < w iff w = uv for some v.
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@ Prefix order: u < w iff w = uv for some v.
o Suffix order: w = u iff w = vu for some v.
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Tawn (UWS) Normal forms of random braids AustMS 2013 3/27



Background
Proposition. B = (D | r(zy) = r(z)r(y) if l(zy) = l(z) + I(y) >+
@ Prefix order: u < w iff w = uv for some v.
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@ Prefix order: u < w iff w = uv for some v.
o Suffix order: w = u iff w = vu for some v.
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o Garside/Greedy normal form: NF(z) = xjas - - - xy such that

T = ANZiTip1 - Ty
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Proposition. B = (D | r(zy) = r(z)r(y) if l(zy) = l(z) + I(y) >+

@ Prefix order: u < w iff w = uv for some v.
o Suffix order: w = u iff w = vu for some v.

Proposition. {s:s < A} =D ={s: A= s}
Proposition. The following are all lattice orders:

(By,<) (By )
(D, <) (D, %)

o Garside/Greedy normal form: NF(z) = xjas - - - xy such that

T = ANZiTip1 - Ty

Proposition. NF(z) = AFzyzy - - - 2; with each z; # 1, A.
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Proposition. {s:s < A} =D ={s: A= s}
Proposition. The following are all lattice orders:
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Proposition. B = (D | r(zy) = r(z)r(y) if l(zy) = l(z) + I(y) >+
@ Prefix order: u < w iff w = uv for some v.
o Suffix order: w = u iff w = vu for some v.
Proposition. {s:s < A} =D ={s: A= s}
Proposition. The following are all lattice orders:
(B, <) (B, =)
(D, <) (D, )

o Garside/Greedy normal form: NF(z) = xjas - - - xy such that

T = AN TTigpr - T

Proposition. NF(z) = AFzyzy - - - 2; with each z; # 1, A.

@ k is the infimum
@ [ is the canonical length
o k4 lis the supremum
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Random braids

There are two natural probability distributions on the set of elements of
length k:
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length k:
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length k:
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Random braids

There are two natural probability distributions on the set of elements of

length k:

Uniformly random words Pick k atoms with uniform probability.
Uniformly random braids Pick each element with uniform probability

@ Write Word;, and URBy, for the respective probability measures.
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Random braids

There are two natural probability distributions on the set of elements of
length k:

Uniformly random words Pick k atoms with uniform probability.
Uniformly random braids Pick each element with uniform probability.

@ Write Word;, and URBy, for the respective probability measures.

@ These distributions are very different, for example, there are lots of
words representing A but only one for af.
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Random braids

There are two natural probability distributions on the set of elements of
length k:

Uniformly random words Pick k atoms with uniform probability.
Uniformly random braids Pick each element with uniform probability.

@ Write Word;, and URBy, for the respective probability measures.

@ These distributions are very different, for example, there are lots of
words representing A but only one for af.

We have maps defined by

. fori=1,....1 L fori=1,....1
Ai(z) = {i > and p;(z) = {IZH o

otherwise 1 otherwise

where NF(z) = AFzzy - - - 1.

Tawn (UWS) Normal forms of random braids AustMS 2013 4 /27



Random braids

There are two natural probability distributions on the set of elements of
length k:

Uniformly random words Pick k atoms with uniform probability.
Uniformly random braids Pick each element with uniform probability.

@ Write Word;, and URBy, for the respective probability measures.

@ These distributions are very different, for example, there are lots of
words representing A but only one for af.

We have maps defined by

. fori=1,...,1 . fori=1,...,1
w):{f and pi<x>={”“

otherwise 1 otherwise

where NF(z) = AFzy 2y - - 2;. This gives sequences of induced probability
measures

Xix(Wordy,), Xix(URBy), pix(Wordy,),

on the symmetric group.
Tawn (UWS)
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Invariants

The symmetric group is big. So, for larger n the sample size required to get
a good picture of the induced distributions would be impossibly large. To

overcome this we use numerical invariants to investigate the induced
distributions.
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Invariants

The symmetric group is big. So, for larger n the sample size required to get
a good picture of the induced distributions would be impossibly large. To

overcome this we use numerical invariants to investigate the induced
distributions.

o word length, .

o Starting set:
S(z)={oi€ A0, z}

@ Finishing set:
F(z) ={o; € A:z =0}
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Experiments

@ We constructed and analysed samples of 9999 elements of B, for each
combination of

n € {5,10,15,20, 25,30}
k€ {4,8,12,16,24, 32, 48,64, 96,128,192, 256, 512, 1024, 2048}

for both the Word;, and URB, distributions.

o For Word;, we also analysed samples with a word length of 4096.
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Mean factor length
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Mean factor length inside stable region.
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Relative frequency of a generator being in the starting set
n = 30, word length = 2048
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Conjecture (Stable region)

Consider the braid monoid B, for any fixed n € N. For p;, = Wordy,
respectively p, = URBy, and for each i, the sequences of probability
measures A, (ug) and p;,(ux) on the set of simple elements converge as
k — oo. Moreover, there exists a probability measure 3. on the set of simple
elements and constants C' and D such that one has

Vi> C  Aiy(pg) = X as k — oo

and

Vi>D pi(ug) —Xask—oo.
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Normal form

@ For all z € D we have z < A hence there exists 0z € D such that
z0r = A.
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Normal form

@ For all z € D we have z < A hence there exists 0z € D such that
z0x = A.

Suppose zy is in normal form, in other words A A zy = z. Cancelling x we
see that 0z Ay = 1.
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Normal form

@ For all z € D we have z < A hence there exists 0z € D such that
z0x = A.

Suppose zy is in normal form, in other words A A zy = z. Cancelling x we
see that 0z Ay = 1.

Proposition. A word z;a - - - 23 is in normal form if and only if for all i,
0z N xip1 = 1.
Corollary. The language

L:={xjap-- 11 € D’ in normal form}

is a subword-closed regular language.
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Normal form

@ For all z € D we have z < A hence there exists 0z € D such that
z0x = A.

Suppose zy is in normal form, in other words A A zy = z. Cancelling x we
see that 0z Ay = 1.

Proposition. A word z;a - - - 23 is in normal form if and only if for all i,
0z N xip1 = 1.

Corollary. The language Di—{zeD:iz£1,A)
L:={xjap-- 11 € D’ in normal form}

is a subword-closed regular language.

o Write £(%) for the subset of words of length k.
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.

A VEVAVEVA VN
XXX XX X

@ Recursively put zias - - - 1 _1 into normal form
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.

/\/r///—/
XXX X X

@ Recursively put zias - - - 1 _1 into normal form

@ Work from end re-writing successive pairs
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.

/\ SN AN N\
\/ / x—’ NS NN\

@ Recursively put zias - - - 1 _1 into normal form

@ Work from end re-writing successive pairs
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.

2 VIEVA VIV
\//L///\/

@ Recursively put zias - - - 1 _1 into normal form

@ Work from end re-writing successive pairs
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Computing normal form of 2 - - - a3,

The normal form of a word z12 - - - z;; can be computed using the re-write
rule zy — (zm)(m~'y) where m = dz A y.

/\/f//—/—
\//x_////\/

@ Recursively put zias - - - 1 _1 into normal form

@ Work from end re-writing successive pairs

Tawn (UWS) Normal forms of random braids AustMS 2013 12 /27



Penetration distance

The normal form of a random word can be though of as a random process.

Tawn (UWS) Normal forms of random braids AustMS 2013 13 /27



Penetration distance

The normal form of a random word can be though of as a random process.

Definition

For two braids = and y the penetration distance pd(z, y) for the product zy
is the number of simple factors at the end of the normal form of z which
undergo a non-trivial change in the normal form of the product.

pd(z,y) = cl(z) —max {i € {0,...,cl(z)}:
l,A—inf(w) AAY = xyA—inf(zy) /\Ai}

v
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Penetration distance

The normal form of a random word can be though of as a random process.

Definition

For two braids = and y the penetration distance pd(z, y) for the product zy
is the number of simple factors at the end of the normal form of z which
undergo a non-trivial change in the normal form of the product.

pd(z,y) = cl(z) — max {i € {0,...,cl(z)} :
xA—inf(w) AAY = xyA—inf(zy) /\Ai}

v

The stable region conjecture suggest that the expected value of pd is
bounded.
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Mean penetration distance
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Mean penetration distance for each generator
n = 30, word length = 2048

Uniformly random words Uniformly random braids
T T
6 [ L]
100 H
| |
i |
2 | |
0 0
0 10 20 30 0 10 20 30
Generator Generator
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Bounded penetration distance conjecture

Conjecture (Uniformly bounded expected penetration distance)

Consider the braid monoid B! for fixed n € N, let 4 be the uniform
probability measure on the set of atoms and, for k € N, let

ur € {Wordy, URBy}. Then there exists C' such that for all k € N, we have

EMkXMA[pd] <C.
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Bounded penetration distance conjecture

Conjecture (Uniformly bounded expected penetration distance)

Consider the braid monoid B! for fixed n € N, let 4 be the uniform
probability measure on the set of atoms and, for k € N, let

ur € {Wordy, URBy}. Then there exists C' such that for all k € N, we have

EMkXMA[pd] <C.

Corollary. There's a linear expected time algorithm to compute the
normal form of a random word
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Penetration sequences

SN NN NN\ | v
XXX XXX
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Penetration sequences
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Penetration sequences
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Penetration sequences
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Penetration sequences
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Penetration sequences
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Penetration sequences
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Penetration sequences

Definition

A word (sg, mg) -+ (82, ma)(s1,m1) € (D x DO)* is a penetration sequence
if, for all 7, the following hold:

Tawn (UWS) Normal forms of random braids AustMS 2013 18 / 27



Penetration sequences

Definition
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if, for all 7, the following hold:

my < 0s1
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Penetration sequences

Definition

A word (sg, mg) -+ (82, ma)(s1,m1) € (D x DO)* is a penetration sequence
if, for all 7, the following hold:

my < 0s1

1<k :>81ml7éA
1<k :>asi+1/\5,‘:1
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Penetration sequences

Definition

A word (sg, mg) -+ (82, ma)(s1,m1) € (D x DO)* is a penetration sequence
if, for all 7, the following hold:

my < 0s1

1<k :>81ml7éA
1<k :>asi+1/\5,‘:1

1<k = myp = aSH_l N\ 8§;my;

Tawn (UWS) Normal forms of random braids AustMS 2013 18 / 27



Penetration sequences
Definition
A word (sg, mg) -+ (82, ma)(s1,m1) € (D x DO)* is a penetration sequence

if, for all 7, the following hold:

my < 081 1<k :>81m17éA

1<k :>asi+1/\5,‘:1 i<k:>m¢+1:85i+1/\simi

Let PSeq,, denote the set of all penetration sequences of length k.
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Penetration sequences
Definition
A word (s, mg) -+ (82, m)(s1,m1) € (D x DO)* is a penetration sequence

if, for all 7, the following hold:

my < 081 1<k :>81ml7éA

1<k :>asi+1/\81‘:1 i<k:>mi+1:85¢+1/\simi

Let PSeq,, denote the set of all penetration sequences of length k.

Lemma. PSeq, is a suffix-closed regular language
Proposition

There exist constants «, 3, p, ¢ = 0 such that
IPSeq,,| € ©(kPa¥)  and  |£®)] € O(KI5).

o and 3 are the exponential growth rates of |PSeqy| and |£(*)].
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Criterion for bounded expected pd

Theorem

Let vy, be the uniform probability measure on L), If & < 3 then the
expected value E,, «,, ,[pd] of the penetration distance with respect to
Vg X w4 is uniformly bounded (that is, the bound does not depend on k).
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Criterion for bounded expected pd
Theorem

Let vy, be the uniform probability measure on L), If & < 3 then the
expected value E,, «,, ,[pd] of the penetration distance with respect to
Vg X w4 is uniformly bounded (that is, the bound does not depend on k).

Sketch proof.
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Criterion for bounded expected pd

Theorem

Let vy, be the uniform probability measure on L), If & < 3 then the
expected value E,, «,, ,[pd] of the penetration distance with respect to
Vg X w4 is uniformly bounded (that is, the bound does not depend on k).

Sketch proof.
Consider
Xig = {(x, a) € L£E) « 4 - pd(z,a) = z}
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Criterion for bounded expected pd

Theorem

Let vy, be the uniform probability measure on L), If & < 3 then the
expected value E,, «,, ,[pd] of the penetration distance with respect to
Vg X w4 is uniformly bounded (that is, the bound does not depend on k).

Sketch proof.
Consider

Xig = {(x, a) € L£E) « 4 - pd(z,a) = z}
Then

Xkl
EI/kXMA pd Z |£ |

Al

Tawn (UWS) Normal forms of random braids AustMS 2013 19 / 27



Criterion for bounded expected pd

Theorem

Let vy, be the uniform probability measure on L), If & < 3 then the
expected value E,, «,, ,[pd] of the penetration distance with respect to
Vg X w4 is uniformly bounded (that is, the bound does not depend on k).

Sketch proof.
Consider
Xig = {(1;, a) € L£E) « 4 - pd(z,a) = z}

Then
k

Xkl
EI/kXMA[pd] Z |£(k | |A|

Taking the maximal penetration sequence gives an injective map

X p — L¥7 x PSeq,
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Criterion for bounded expected pd (cont.)

— e
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PR x50 (X5 D) (X x)

—

D)

Normal forms of random braids



Criterion for bounded expected pd (cont.)

— —
~

AV VD, o N [N — S
PSS o X5 (X ) (X x)

Sketch proof (cont.)

Hence
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Criterion for bounded expected pd (cont.)

— _ — —

PSS o X5 (X ) (X x)

I —N, —

Sketch proof (cont.)

Hence

|£5=D)] - |PSeq;]
VkXMA[pd] < Z (k
T |L®)] ] A]
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Criterion for bounded expected pd (cont.)

NN TEINC I T T X

REEKE X K (3 T (X %)

Sketch proof (cont.)

Hence

k k .
|L*=9] . |PSeq;]| k—i)ipk—t. iPq
VkXMA[pd] ,Lz:;z |£ k)| | Z kqﬁk
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Criterion for bounded expected pd (cont.)

NN TEINC I T T X

REEKE X K (3 T (X %)

Sketch proof (cont.)

Hence
k k . ;
ipd] < |LF=9)] - |PSeq,] k—i)1BF=" . iPo/
Eyxualpd] < )i Z :
2 LW A k1
k a i
<% (5)
1=0
y
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Criterion for bounded expected pd (cont.)

REEKE X K (3 T (X %)

ONC TN T NG T BYA -
Sketch proof (cont.)
Hence
B sl i |£E=D] - |PSeq,| i — i)1gki - Pa
xnalPll S 2w RagF
k a i
< sz(—) — C < o0 as k — oo
i=0 B
DJ
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Criterion for unbounded expected pd

Theorem
Let v}, be the uniform probability measure on L) IfT'\ {1p} is strongly

connected and ow = [3 holds, then the expected value E,, »,, ,[pd] of the
penetration distance with respect to v X 4 tends to oo.

kh—g)lo Ev, xpa [pd] = o0

@ ['is the acceptor for the language £ of normal forms.
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Generalizations

All of the above can be generalised to spherical Artin monoids
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Generalizations

All of the above can be generalised to spherical Artin monoids

T AT > W
reW — At
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Generalizations

All of the above can be generalised to spherical Artin monoids

T At - W
re W — AT
A = r(longest word)
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Generalizations

All of the above can be generalised to spherical Artin monoids

T AT - W
reW — AT
r(longest word)

A=
= r(x)r(y) if lzy) = I(z) + 1(y)

r(zy)
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Generalizations

All of the above can be generalised to spherical Artin monoids

AT - W
reW — AT
= r(longest word)
)r(y) if l(zy) = 1(z) + U(y)

A
r(zy) = r(z
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Generalizations

All of the above can be generalised to spherical Artin monoids

AT - W
reW — AT
= r(longest word)
)r(y) if l(zy) = 1(z) + U(y)

A
r(zy) = r(z

and further generalised to Garside monoids.
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Computing growth rates

@ For small n, the exponential growth rates a and /3 can be computed
exactly.
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Computing growth rates

@ For small n, the exponential growth rates a and /3 can be computed
exactly.

> largest eigenvalue of the transition matrix of the acceptor graph
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Computing growth rates

@ For small n, the exponential growth rates a and /3 can be computed
exactly.

> largest eigenvalue of the transition matrix of the acceptor graph

o For (slightly) larger n, there's an algorithm which can compute « and
[ to within a prescribed error bound.
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Growth rates for type A
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Growth rates for types B and E
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Growth rates for type D
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Growth rates for types F and H
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